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All time-based localization methods require the me-
asurement of the Time-of-Arrival (ToA) of signals 
by one or more receiving nodes. The primary factor 
determining the localization precision is the measu-
rement noise. Therefore, from an engineering point 
of view, ToA should be measured as precisely as pos-
sible using more or less advanced signal processing 
methods in the receiver hardware, firmware or soft-
 ���ȱ��¢��ȱǽ�����Ȭ��������ȱ��ȱ��ǯǰȱŘŖŗŞǾǯȱ��ȱ���ȱ���-
sider certain other features of the system to be optio-
nal. One such feature is node clock synchronization: 
if node clocks are left unsynchronized, localization 

can still be performed by estimating (and correcting 
for) the clock error terms during the ToA data proces-
����ȱ���ȱ ��������ȱ����������ȱ������ȱ ǽ��������ȱ��ȱ��ǯǰȱ
ŘŖŗŞǰȱ��ȱ���ȱ	�ǰȱŘŖŗŝǰȱ���¢ȱ��ȱ��ǯǰȱŘŖŗŗǾǯ

Another prominent optional system feature is 
knowledge of the transmission time, hereafter called 
Time- of-Departure (ToD). Like with clock errors, if 
ToD is unknown we can treat it as a nuisance variable 
to be estimated jointly with the position variables. 
Time-of-Departure knowledge can translate into hi-
gher precision, but comes at the cost of additional 
engineering burden in terms of ToD control. On the 
other hand, systems with unknown ToD require the 
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1  Note that the full three-dimensional specification (as opposed to purely two-dimensional) is relevant to the measurment of angles, as seen in Figure 1. In two 
dimensions the two represented angles would be complementary, whereas in three dimensions the two angles are not directly related.

deployment of one additional anchor to ensure that 
the problem is identifiable. The choice between lo-
calization systems that rely on ToD knowledge, and 
those that do not, is therefore a matter of engineering 
trade-offs between costs and benefits. Most previous 
work on localization skips this engineering question 
and directly assumes a particular system model, ei-
ther with or without ToD knowledge.

In this paper we take a step back and study the 
impact of ToD knowledge on the final estimation 
accuracy. To do so, we consider different system mo-
dels, both with and without ToD knowledge, and 
qualitatively assess their achievable precision. Our 
analysis is based on general properties of the time-
-based localization problem, not bound to a specific 
radio technology or particular scenario. We resort to 
theoretical results from estimation theory to produce 
concrete recommendations for the engineers desi-
gning localization systems. A key finding is that the 
additional precision gain brought by ToD knowledge 
is modest if the source node is located within the anchors’ 
convex hull, indicating that there is a design trade-off 
between ToD knowledge and anchor topology.

The rest of the document is organized as follows. 
Related work is summarized in Sec. 2. In Sec. 3 we 
define three different system models. The Cramér–
Rao Bounds (CRB) and their relations are described 
in Sec. 4. Graphical interpretation and geometric con-
siderations are presented in Sec. 5. Finally, we draw 
conclusions and implications for practical system en-
gineering in Sec. 6.

�� 3&-"5&%�803,
The use of CRB for the analysis of localization 

precision is well-established. Previous papers have 
derived the CRB for different system models, with 
���ȱ��� �����ȱ���ȱ ������ǯȱ����ȱ��ȱ��ǯȱǽ����ȱ��ȱ��ǯǰȱ
ŘŖŗŖǰȱ����ȱ���ȱ���ǰȱŘŖŗŖǾȱ�������ȱ�ȱ��������ȱ������-
se on the topic of known-ToD localization, including 
the notion of the Equivalent Fisher Information Ma-
trix (EFIM), which is a method of comparing models 
 ���ȱ ���������ȱ �������ȱ ��ȱ ����������ǯȱ ��ȱ ǽ��������ȱ
��ȱ ��ǯǰȱ ŘŖŗŞǾȱ ���ȱ �������ȱ ����¢£��ȱ �¢�����ȱ ������ȱ
ToD knowledge. They derived the CRB and used it 
as a reference to assess estimation performances in a 
sample scenario.


����ȱ��ȱ��ǯȱǽ
����ȱ��ȱ��ǯǰȱŘŖŗśǾȱ��� ȱ����ȱ���-
wledge of noise characteristics affects the CRB. They 
come to the conclusion that heteroscedastic noise 
may in fact aid localization, provided that the hete-
roscedasticity can be modeled accurately. Their work 
reinforces the idea that a properly conducted theore-
tical analysis of CRB can provide insight to steer the 
practical design of real-world systems.

In this paper we use EFIM to analyze the effect 
of model assumptions on the result. Cramér–Rao bo-
unds are a good approximation of the accuracy that 
can be achieved by Maximum Likelihood Estimators 
ǻ���Ǽȱ��ȱ��������ȱǽ��������ȱ��ȱ��ǯǰȱŘŖŗŞǰȱ�������ȱ��ȱ��ǯǰȱ
ŘŖŗŖǾǯȱ��ȱ��ȱ����ȱ�ȱ����ȱ�����¡�������ȱ���ȱ���Ȭ����-
����ȱ�����ȱǽ��������ȱ��ȱ��ǯǰȱŘŖŗŞǾǯȱ����ȱ�����ȱ���������ȱ
interest to the analysis of the theoretical CRB.

�� 4:45&.�.0%&-4
Our scenario comprises two types of nodes: a 

transmitter in an unknown position (source) and se-
veral receivers in fixed known locations (anchors). 
For each incoming packet, every anchor measures 
the ToA, i.e., the reception timestamp. The anchors 
cooperate in the localization process and share the 
ToA measurements with a central unit in charge of 
the computation. We consider three different packet 
transmission patterns: (i) known transmission times 
(known ToD); (ii) periodic transmissions with un-
known starting time; and (iii) unknown transmission 
times (unknown ToD). In all scenarios we account for 
packet loss, i.e., we do not require each packet to be 
received by all anchors.

We assume that signal propagation occurs over li-
ne-of-sight (LoS) paths between transmitter and rece-
iver. We consider a three-dimensional Euclidean spa-
ce, but for the sake of simplicity we assume that the 
vertical component of the source position is known. 
Therefore we have a planar problem (two unknown 
variables) embedded in a 3D Euclidean space1. This 
choice simplifies the analysis and the graphical pre-
sentation of the results without jeopardizing the key 
insights.

In our models, the ToA measurement error vari-
ance is constant and does not depend on the distance 
between transmitter and receiver. The measurement 
errors are independent and identically distributed 
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with a Gaussian distribution. This assumption is co-
herent with empirical evidence from real-world ToA 
measurements, when received signals have a high 
������Ȭ��Ȭ�����ȱ �����ȱ ǻ���Ǽǽ�����Ȭ��������ȱ ��ȱ ��ǯǰȱ
ŘŖŗŞǾǯ

Modeling equations for our models are:

rnm ƽȱΘm + 1c  ||�ȱƺȱ�n||ȱƸȱΉ ,

meaning that the ToA rnm of packet m 1.∊.M at anchor 
n 1.∊.N ��ȱ���ȱ���ȱ��ȱ������������ȱ����ȱΘm (ToD), the 
propagation time along the direct path from the so-
urce position p = (px, py) to the anchor position an, 
with propagation speed c, and the measurement er-
ror E, which has zero mean and constant (possibly 
unknown) variance.

Depending on the transmission pattern we define 
three model variants:
 ��Model-0 Ȯȱ���ȱ ������������ȱ�����ȱΘm are known, 

and only the position variables px, py need to be 
estimated.

��Model-1 – The transmission times are perfectly 
periodic with known period T starting from an 
����� �ȱ ����ȱ Θ1, i.e., they can be expressed as 
ΘmƽȱΘ1 + (m ƺȱŗǼȱȉȱT .

��Model-2 Ȯȱ���ȱ������������ȱ�����ȱΘ1, . . . , ΘM are 
unknown and present M nuisance variables in the 
model.

�� $3".²3o3"0�#06/%
The CRB represents a lower bound on the Mean 

�������Ȭ�����ȱǻ���Ǽȱ��ȱ��¢ȱ��������ȱ���������ȱǽ
�¢ǰȱ
ŗşşřǾǯȱ���ȱ������������ȱ����������ǰȱ���ȱ���ȱ��������ȱ

'JHVSF����*O��%�HFPNFUSZ�фпx (resp. фпy) denotes the angle between the basis vector ex (resp. ey
�BOE�UIF�TPVSDFoBODIPS�O�WFDUPS�an.

a lower bound on the estimation error covariance.
The CRBs depend on the angles between the so-

urce–anchor vectors and the basis vectors, as shown 
in Figure 1. The effects can be split into two compo-
nents. The first is “axial diversity”, which describes 
how much offset anchors have on each axis, relative 
to the offset on the other axes. This means that the 
further from a given axis anchors are, the more accu-
rate the estimate on that axis can be. Interestingly, 
the direction (positive or negative) of the offset does 
not matter. The second component is “angular di-
versity”, i.e., how much variety there is in the angles 
between different anchors, as seen from the source. 
Similarly to axial diversity this translates to offsets. 
However, in this case the direction does matter: bi-
gger variety of offsets, i.e., both positive and negative 
offsets, translates to more accurate estimations. Axi-
al diversity affects both known and unknown ToD 
models, while angular diversity affects only the un-
known ToD models.

We can show that C(2) ≽ C(1) ≽ C(0), following Lo-
� ���ȱ�����ȱǽ
���ȱ���ȱ�������ǰȱŘŖŗŘǾȱǻ ����ȱC(i) is 
the CRB for model i), by proving that the differences 
between the EFIMs are positive semi-definite. We can 
do this by employing the Sylvester criterion and the 
�����ȱ ����������ȱ ǽ
���ȱ ���ȱ �������ǰȱ ŘŖŗŘǾǯȱ ����ȱ
means that the errors of Model-0 can be on average 
smaller than those of Model-1, which can be, in turn, 
smaller than those of Model-2.
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We start by considering a simple layout with four an-
chor nodes arranged as shown in Figure 2d. We assu-
me a moderate level of packet loss probability equal 
to ploss = 0.25. For analysis, we consider the three dif-
ferent test locations labeled A, B and C in Figure 2d. 
The confidence ellipses that represent the CRBs as 
covariance matrices of a multivariate normal distri-
bution are plotted in Figures 2a to 2c for the three 
model variants for all test locations.

It is clear that the models are strictly ordered re-
sulting in the inclusion of their respective confidence 
ellipses.

The smallest confidence ellipses are obtained in 
test location A, well inside the convex hull of the 
anchors, while the ellipses get larger for all models 
in test location B (note the different scale of Figure 

2b). As soon as the source node moves outside the 
convex hull, the confidence ellipses for Model-1 and 
Model-2 stretch, and get dramatically larger, while 
the enlargement remains contained for Model-0.

To better illustrate the change confidence ellipses 
for a regular grid of different locations are plotted in 
Figures 3a and 3b for Model-0 and Model-2, respec-
tively.

In Figure 3a we can see the behavior of CRB for 
Model-0. The CRB is the lowest and most circular in 
the middle, where the anchors have high axial offset, 
and worsens as the source moves away. After leaving 
the convex hull, the CRB stretches along the angu-
lar direction: when moving to the right (positive x 
direction), the ellipses enlarge vertically, because the 
anchors have less axial offset along the y axis than on 
the x axis.
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We can see the effect of angular diversity in Figure 
3b. Inside the convex hull, the angles’ contributions 
tend to cancel out, leading to CRB behavior similar 
to that of Model-0. Upon leaving the convex hull we 
start losing angular diversity. Moving in the positi-
ve x direction in Figure 3b, the angular diversity on 
the x axis drops very quickly, because all anchors are 
on the same side, relative to the source, resulting in 
low diversity and therefore loss of precision in that 
direction. On the y axis, however, the diversity fades 
much slower. The effect is that the direction (or angle 
in polar coordinates) of the source can be estimated 
much better than the distance (range).

For an intuitive interpretation, consider that from 
the perspective of a single receiver, we cannot discri-
minate between (i) the source being further away 
and (ii) the packet transmission occurring at an earli-
er time. In other words, there is an ambiguity betwe-
en transmission time (ToD) and distance, resulting in 
the elongation of the ellipse in the radial direction, as 
can be seen in Figure 3b. In contrast, Model-0 (Figure 
3a) does not suffer from that problem.

6 CONClUSIONS
Most studies of localization systems focus on one sy-
stem and do not examine the effects of basic system 
assumptions on the achievable accuracy. We showed 
how one property, transmission time knowledge, af-
fects this.

From the analysis presented in this work we can 
draw recommendations for real-world system en-
gineering. First, we have found that ToD knowled-
ge only brings a large gain in localization accuracy 
outside the anchors’ convex hull. Therefore, we may 
waive the transmission time measurement, if we can 
ensure that the area of interest remains inside the 
convex hull. Second, when the source lies outside the 
convex hull and ToD is unknown, we can still achie-
ve a good estimation of the source azimuth, but not 
of the range. However, this might suffice whenever 
the range information can be obtained by other (pri-
or) data or is not critical to the application, reducing 
both cost and complexity.
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